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This r e p o r t  i s  t h e  f i n a l  form of a paper p re sen t ing  a 

study of non l inea r  e f f e c t s  i n  o p t i c a l  d a t a  processing. Parts 

of t h e  study. have been d iscussed  previously.  The p r e s e n t  

r e p o r t  n o t  only b r ings  toge the r  t hese  p a r t s  b u t  also inc ludes  

r e s u l t s  which w e r e  ob ta ined  during t h e  p a s t  two yea r s  b u t  w e r e  

no t  r epor t ed  before .  I t  also conta ins  r e s u l t s  of s p e c i a l i z e d  

i n v e s t i g a t i o n s  which w e r e  c a r r i e d  o u t  over an extended per iod  

and n o t  completed u n t i l  r ecen t ly .  The i n v e s t i g a t i o n  of spec- 

t ro scop ic  p l a t e s  according t o  methods developed under t h e  

g r a n t  i s  an example of such a case. I t  should be mentioned 

t h a t  t h e  approach developed i n  t h i s  s tudy r ep resen t s  an advance 

which f o r  t h e  f i rs t  t i m e  f a c i l i t a t e s  accu ra t e  determinat ion 

of optimum o p e r a t i o n a l  condi t ions  f o r  photographic recording.  

I t  also allows comparisons t o  be made of  d i f f e r e n t  photo- 

graphic  and o t h e r  types of recording materials and processors .  



ABSTRACT: Methods for  the  a n a l y s i s  of  t h e  e f f e c t s  of non- 

l i n e a r i t i e s  i n  o p t i c a l  d a t a  process ing  are considered. A new 

method i n  which nonl inear  characteristics are represented  by 

Tchebyscheff 's  expansions i s  developed. It  i s  cha rac t e r i zed  

by improved accuracy and s i m p l i c i t y  of  app l i ca t ion .  Procedures 

f o r  t h e  determinat ion of t h e  c o e f f i c i e n t s  and a computer pro- 

gram are described. The procedures and the  computer program 

w e r e  used f o r  a n a l y s i s  of spec t roscop ic  photographic p l a t e s .  
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1 INTRODUCTION 

One of t h e  outs tanding  f e a t u r e s  of photographic and 

o t h e r  o p t i c a l  record ing  processes i s  their  non l inea r i ty .  

I n  o p t i c a l  data processing,  nonl inear  effects in t roduce  

error s i g n a l s  of var ious k inds  which i n  some cases such 

as the  d e t e c t i o n  of s i g n a l s  i n  no i se  may reduce t h e  s ig-  

nal-to-noise r a t i o  considerably and s e r i o u s l y  l i ’ m i t  i t s  
i 

p r a c t i c a l  app l i ca t ion .  I n  holography, n o n l i n e a r i t i e s  

genera te  ghos t  images which i n t e r f e r e  w i t h  weak s i g n a l s .  

Two genera l  approaches have been used for t h e  a n a l y s i s  

of nonl inear  effects i n  opt ical  data processing and holo- 

graphy, I n  the  f irst ,  methods s u i t a b l e  fo r  a r b i t r a r y  or  

f a i r l y  gene ra l  s i g n a l s  have been employed. Among these are 

t h e  method as used by Davenport and R o o t  (1958), i n  which 

the f u n c t i o n a l  form of the  n o n l i n e a r i t y  i s  used d i r e c t l y ,  

and t h e  Four ie r  Transform method described by Middleton 

( 1 9 6 0 ) .  U s e  of these methods, however, has been confined 

t o  r a t h e r  s imple forms of nonl inear  characteristics. Many 

characteristics, however, do n o t  have such simple forms. 

When these methods are applied t o  more complicated o r  real- 

i s t i c  characteristics, t h e  r e s u l t i n g  equat ions  usua l ly  

become exceedingly involved. 

I n  t h e  second genera l  approach, the  class of s i g n a l s ,  

€or  which t h e  nonl inear  effects are obta ined ,  has been re- 

stricted t o  s inuso ids ,  By doing t h i s ,  t h e  a n a l y s i s  can be 

extended t o  more rea l i s t ic  characteristics without  excess ive  



complications.  Methods fol lowing t h i s  approach 

p r imar i ly  based on t h e  Taylor Series expansion. 
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have been 

An e a r l y  

d e s c r i p t i o n  of a ve r s ion  of t h i s  expansion method w a s  given 

by Espley (1933) and more r e c e n t  r e fe rences  inc lude  Ryder 

( 1 9 6 4 )  and C h i r l i a n  (1965) e 

I n  t he  l i t e r a t u r e  on o p t i c a l  d a t a  process ing  and holo- 

graphy, t h e  f i rs t  approach has  been used by Kozma (1966)  

and F r i e s e m  and Zelenka ( 1 9 6 7 ) .  Kozma employed an error- 

func t ion - l imi t e r  form of t h e  c h a r a c t e r i s t i c  f o r  nonl inear-  

i t ies  i n  photographic record ing  processes .  This model dem- 

o n s t r a t e d  the  presence of amplitude and phase d i s t o r t i o n s  

i n  recorded s i g n a l s .  F r i e s e m  and Zelenka assumed an odd 

power-law model of t h e  form 

f ( x )  = x I x l y  

where v 2 0 ,  f o r  desc r ib ing  photographic recording i n  holo- 

graphy. The r e s u l t i n g  nonl inear  e f f e c t s  w e r e  shown t a  

cause "ghost" images t o  appear i n  t h e  r econs t ruc t ion  of 

scenes conta in ing  p o i n t  sources .  

L i t e r a t u r e  on the  second approach has d e a l t  wi th  t w o  

a p p l i c a t i o n s .  In  t h e  f irst ,  photographic n o n l i n e a r i t i e s  

have been descr ibed  by t h e  so-cal led gamma-law model. This 

method has been used by Lamber t s  (1961) and L i t t l e  ( 1 9 6 6 ) .  

Lamberts der ived  expressions f o r  t h e  harmonic d i s t o r t i o n  

of recorded s i n u s o i d a l  exposure p a t t e r n s ,  assuming such a 

model. L i t t l e  demonstrated that  these  d i s t o r t i o n s  can be 
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minimized i n  p o s i t i v e  photographic processes  by proper  ad- 

justment of exposure condi t ions  and development t i m e s .  T h i s .  

second paper,  however, inc ludes  experimental  r e s u l t s  which 

show nonsa t i s f ac to ry  agreement between t h e  harmonics obtained 

from t h e  gamma-law model and f r o m  a c t u a l  photographic proc- 

esses. 

The second a p p l i c a t i o n  of t h e  s i n u s o i d a l  s i g n a l  approach 

has  been developed by Wilczynski ( 1 9 6 1 ) .  I n  t h i s  method, t h e  

Taylor S e r i e s  expansion i s  appl ied  d i r e c t l y  t o  t h e  charac te r -  

i s t i c  curve of the photographic process  under i n v e s t i g a t i o n  

and t h e  harmonics o f  recorded s i n u s o i d a l  exposure p a t t e r n s  

a r e  obtained from t h e  expansion. Wilczynski appl ied  t h i s  

method t o  t h e  c h a r a c t e r i s t i c  curves of I l f o r d  chromatic 

p l a t e s  and w a s  able t o  c a l c u l a t e  the harmonics obtained f r o m  

a wide range of  exposure condi t ions  and development t i m e s .  

I n  most i n s t ances ,  t h e  c a l c u l a t i o n s  agreed q u i t e  w e l l  w i t h  

accompanying experimental  measurements. 

The p r e s e n t  i n v e s t i g a t i o n  was begun as an ex tens ion  of 

Wilczynski 's  approach., Taylor series expansions w e r e  employ- 

ed along w i t h  c u r v e - f i t t i n g  procedures f o r  eva lua t ing  t h e  

expansion c o e f f i c i e n t s .  During t h e  a p p l i c a t i o n  of t h i s  

method, d i f f i c u l t i e s  w e r e  encountered i n  accu ra t e ly  repre-  

s e n t i n g  the  c h a r a c t e r i s  t ics  of  photographic processes .  This 

l e d  t o  a s tudy  of expansion methods. U s e  of t h e  Tchebyscheff 

expansion w a s  suggested f o r  t h i s  purpose (Tischer ,  1967)  and 

subsequently employed. Theore t i ca l  and experimental  r e s u l t s  
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showed t h i s  method t o  have advantages over  t h e  Taylor series 

both i n  accuracy and ease of app l i ca t ion .  

I n  the fol lowing cons idera t ions ,  t h e  e f f e c t s  o f  nonlin- 

ear i t ies  on s i n u s o i d a l  s i g n a l s  are f i r s t  descr ibed  i n  a gen- 

e r a l  manner. The n o n l i n e a r i t i e s  are shown t o  create harmon- 

i c  d i s t o r t i o n s  of t h e  s i g n a l s  e An equ iva len t  noise-to-sig- 

nal. r a t io  (NSR) i s  introduced next .  I t  desc r ibes  the  degree 

of d i s t o r t i o n  by a s i n g l e  f igu re .  The consequences of these- 

d i s t o r t i o n s  on t h e  ope ra t ion  of an i d e a l i z e d  o p t i c a l  corre-  

l a t o r  are then descr ibed .  S p e c i f i c  examples demonstrate t h e  

r e s u l t i n g  degraded performance. 

Methods f o r  determining t h e  harmonic c o e f f i c i e n t s  of 

d i s t o r t e d  s i g n a l s  are then developed. Taylor ,  Legendre, 

Tchebyscheff, and Four ie r  expansions are considered f o r  t h i s  

purpose. I n  many app l i ca t ions ,  the expansions must be t run-  

cated.  The consequences of t runca t ion  are inves t iga t ed .  The - 

r e s u l t s  show the advantages of t h e  Tchebyscheff method. 

The remainder of t h e  r e p o r t  d e a l s  wi th  t h e  a p p l i c a t i o n  

of t h e  Tchebyscheff method t o  a c t u a l  nonl inear  problems. A 

numerical method for  ob ta in ing  t h e  Tchebyschef f c o e f f i c i e n t s  

f r o m  nonl inear  c h a r a c t e r i s t i c s  i s  developed f i r s t .  This 

method i s  subsequently implemented i n  a For t ran  program. The 

program f a c i l i t a t e s  t h e  comparison of non l inea r  charac te r -  

i s t ics  by computing t h e  harmonic c o e f f i c i e n t s  and noise-to- 

s i g n a l  r a t i o s  I t  a l s o  allows determinat ion o f  o p e r a t i o n a l  
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condi t ions  under which t h e  nonl inear  e f f e c t s  of a s p e c i f i c  

c h a r a c t e r i s t i c  a r e  minimized. The program is  then used t o  

analyze the n o n l i n e a r i t i e s  of  type 649-F spec t roscopic  pLates 

which are widely employed i n  o p t i c a l  d a t a  process ing  and 

holography. 

I t  should be mentioned t h a t  a p p l i c a t i o n  of  %he descr ibed 

method of a n a l y s i s  i s  n o t  l i m i t e d  to o p t i c a l  recording b u t  

can also be used f o r  t h e  i n v e s t i g a t i o n  of o t h e r  processes  

where s i g n a l s  a r e  t r ansmi t t ed  through components having non- 

l i n e a r  c h a r a c t e r i s t i c s .  
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2 NONLINEAR EFFECTS 

2 . 1  E f f e c t s  of N o n l i n e a r i t i e s  on S inusoida l  S igna l s  

The amplitude behavior  of a (zero-memory) device having 

a nonl inear  func t iona l  r e l a t i o n  between i t s  i n p u t  and output  

v a r i a b l e s  may be represented  i n  t e r m s  of a c h a r a c t e r i s t i c  

curve such as t h a t  shown i n  Fig.  1. The curve relates the 

output  variable y t o  the  i n p u t  v a r i a b l e  x and i s  a graph of 

the t r a n s f e r  func t ion  

y = f ( x ) .  (1) 

I f  t h e  i n p u t  v a r i a b l e  c o n s i s t s  of a s i g n a l  varying about 

some value xo, which i s  called t h e  opera t ing  p o i n t  of the  

device, then 
S,&S = x- xo, 

where S (t) rep resen t s  t h e  i n p u t  s i g n a l  which i s  a func t ion  

of some other v a r i a b l e  t. I n  genera l ,  t h e  ope ra t ing  p o i n t  
1 

of the  device  may be chosen anywhere on the characteristic. 

T h e  form of the output  s i g n a l  t hus  depends on t h e  l o c a t i o n  

of the  ope ra t ing  p o i n t  as w e l l  as the i n p u t  s i g n a l ,  The 

ou tpu t  can thus  be represented  by 

where S2 r ep resen t s  the  ou tpu t  s i g n a l ,  and yo corresponds t o  

the  output  of t he  device a t  t h e  ope ra t ing  po in t .  Subs t i t u -  

t i o n  of Eqs. (1) and (2) i n t o  the  r i g h t  hand side of Eq. ( 3 )  



, 

X 



a 

If S, (t) is  an a r b i t r a r y  s i n u s o i d a l  s i g n a l  given by 

where A i s  the  amplitude of the s i g n a l ,  w i s  

quency, and Cp i s  i t s  phase a t  t = 0 ,  Eq. ( 4 )  

(5) 

i t s  r ad ian  f r e -  

may be w r i t t e n  

where t h e  dependence of S2 on u and Cp is  understood. The  func- 

t i o n a l  f o r m  of S2 then depends on both t h e  ope ra t ing  p o i n t  

and the amplitude of t h e  s i n u s o i d a l  i npu t .  Equation (6 )  

shows t h a t  

T h e  func t ion  S2, t hus ,  i s  p e r i o d i c  i n  t w i t h  fundamental 

rad ian  frequency w. I f  t h e  func t ion  f i s  piecewise cont in-  

uous, S2 can be expressed by a convergent Four ie r  series i n  

t. The series can be w r i t t e n  as 

where bn and Cpn r ep re sen t  r e s p e c t i v e l y  t h e  amplitude and 

phase of t h e  nth harmonic. 

Addi t iona l  information about S2 may be obtained by le t -  

t i n g  

( w t  + $1 = e, 

i n  Eq. ( 5 ) .  Eq .  (6) becomes 
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showing t h a t  S2 is  an even func t ion  i n  8. 

series expansion of S2(8,A,xo) ,  i n  9, then conta ins  only 

t e r m s  of  t h e  type cos(n0)  e Comparing t h i s  t o  Eq. ( 8 )  shows 

The Four ie r  

n9 = n(wt  + 4)  = n u t  + n4, ( 1 2 )  

o r  

4n = no* (13) 

Thus, t h e  phase s h i f t s  of the var ious  harmonics of Eq .  ( 8 )  

do n o t  depend on A, xo, o r  t h e  f u n c t i o n a l  form of f ( x ) .  

series can then be w r i t t e n  as 

This 

s, (&,A> x o )  = bfl(Aj X . 1  COS%. 2 3  \. ( 1 4 )  

The effects of the  n o n l i n e a r i t y  of f (x) on t h e  i n p u t  s inuso id  

are apparent  i n  t h i s  expression.  

corresponds t o  t h e  i n p u t  S1. 

s h i f t  i n  t h i s  s i g n a l .  

b i a s  and t h e  var ious  t e r m s  bn cos [n(wt  + Cp) 1 correspond to  

harmonic d i s t o r t i o n s  of Sle 

subharmonics of t he  i n p u t  s inusoid .  This e f f e c t  occurs  only 

The t e r m  bl cos(wC + 4)  

T h e  device in t roduces  no phase 

The t e r m  bo/2 corresponds t o  a D. C.  

The n o n l i n e a r i t y  produces no 

when t h e  i n p u t  c o n s i s t s  of more than one frequency. 

Equation ( 1 4 )  i n d i c a t e s  t h e  dependence of the harmonic 

c o e f f i c i e n t s  on t h e  ope ra t ing  p o i n t  of t h e  nonl inear  device 

x and t h e  amplitude of t h e  s i n u s o i d a l  s i g n a l  A. I f  such 

a device i s  used i n  a system where l i n e a r i t y  i s  des i r ed ,  
0’ 

knowledge of t h e  dependence of  these c o e f f i c i e n t s  on xo and 

A would show q u a n t i t a t i v e l y ’ t h e  nonl inear  e f f e c t s  and r evea l  
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optimum i n p u t  condi t ions  fo r  their  minimization. Subsequent 

s e c t i o n s  p re sen t  methods of ob ta in ing  t h e s e  c o e f f i c i e n t s  

f r o m  

2.2 

characterist ic curves.  

The Descr ipt ion of Nonlinear Ef fec ts  i n  Op t i ca l  Data 

Process i n 3  

I n  the  previous s e c t i o n ,  a device having a nonl inear  

c h a r a c t e r i s t i c  w a s  shown t o  create d i s t o r t i o n s  of an inpu t  

s inusoid .  For a s i g n a l  given by 

the  output  of t h e  device w a s  described by 

where t h e  b c o e f f i c i e n t s  depend on the amplitude of the  i n -  

p u t  s inuso id  A and t h e  ope ra t ing  p o i n t  of t h e  device ,  A 

complete d e s c r i p t i o n  of t he  nonl inear  effects c o n s i s t s  of 

spec i fy ing  these c o e f f i c i e n t s .  In  many ins t ances ,  however, 

a complete d e s c r i p t i o n  of t he  effects i s  n a t  needed, and 

a s i n g l e  q u a n t i t y  desc r ib ing  t h e i r  s e v e r i t y  i s  s u f f i c i e n t .  

I n  e l e c t r o n i c  c i r c u i t  theory a q u a n t i t y  called the  

" t o t a l  harmonic d i s t o r t i o n "  is  used for  desc r ib ing  t h e  

effects of n o n l i n e a r i t i e s  on s i n u s o i d a l  s i g n a l s  (Ryder, 1 9 6 4 ) .  

For a d i s tor ted  s inuso id ,  t h i s  q u a n t i t y  is  given by t h e  r a t io  

of the r . m . s .  va lue  of the  sum of t h e  harmonics to 

t h e  fundamental. I n  terms of Eq. (16)  it becomes 

t h a t  of 

(17) 
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The square of t h i s  q u a n t i t y  given by 
3 b: 
n= a a2 2 2 

b? 
r ep resen t s  t h e  r a t io  of t h e  t o t a l  power c a r r i e d  by t h e  har- 

monics t o  t h a t  of t h e  fundamental. I f  t h e  harmonics are 

considered as an equ iva len t  no i se  generated by t h e  nonlin- 

e a r i t y ,  Eq. (18 )  i s  equ iva len t  t o  t h e  r e a i p r o c a l  of the w e l l -  

known signal- to-noise  power r a t i o  of communication theory 

(Schwartz, 1959,  p. 2 2 6 )  The term equ iva len t  no i se  i s  used 

t o  desc r ibe  the  harmonics here s i n c e  t h e  usua l  communication 

theory d e f i n i t i o n  of no i se  assumes t h a t  it i s  independent of 

t h e  s i g n a l .  The harmonics generated by n o e l i n e a r i t i e s  a r e  

s i g n a l  dependent and cannot s t r i c t l y  be c a l l e d  noise .  The 

s igna l - to-noise  ra t io  i s  def ined  by 

where Ps i s  the  s i g n a l  power and Pn i s  t h e  no i se  power. 

Eq. (18) thus  r e p r e s e n t s  an equiva len t  noise- to-s ignal  r a t io  

Two other q u a n t i t i e s  express ing  nonl inear  e f f e c t s  i n  t e r m s  

of s i g n a l  and equ iva len t  no i se  power are def ined  as t h e  

'I s i g n a l  -power f r a c t i o n "  
F+ 

and t h e  "noise-power f r a c t i o n "  
"p 
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In  t e r m s  of t he  harmonic c o e f f i c i e n t s  , 

and 

N P F  = 

I 

A l l  of these d e s c r i p t i o n s  of nonl inear  

t hese  begome 

( 2 4 )  

e f f e c t s  are equiva- 

l e n t  i n  t h a t  they are f u n c t i o n a l l y  related. The knowledge 

of any one permi ts  t h e  c a l c u l a t i o n  of t h e  o t h e r s  without  

a d d i t i o n a l  information. 

I n  o p t i c a l  data process ing  systems, mu l t ip l e  no i se  

sources  can e x i s t .  For example, photographic processes ,  i n  

add i t ion  t o  being nonl inear ,  conta in  f l u c t u a t i o n s  i n  image 

s t r u c t u r e  known as g r a n u l a r i t y .  T h i s  effect  can be consid- 

e red  as t h e  add i t ion  of no i se  t o  the  image. I f  such a pro- 

cess i s  t o  be f u l l y  eva lua ted ,  both effects must be consid- 

ered. For t h i s  reason,  the  amenabi l i ty  of t h e  above quan- 

t i t i e s  t o  inc lude  a d d i t i o n a l  no i se  sources  w a s  i nves t iga t ed .  

Two sources ,  having equ iva len t  no i se  powers given by N1 and 

N w e r e  assumed. 

and NPFl ,  w h i l e  N2 produces D NSR2,  SNR2,  SPF2,  and N P F 2 .  2 ,  
The add i t ion  of the  two sources  g ives  rise t o  the fol lowing 

The noise  N1 gives  rise t o  D1# NSR1, SNR1,  2 

express ions  for  t h e  combined q u a n t i t i e s  



These equat ions show t h a t  the q u a n t i t y  NSR i s  most e a s i l y  

c a l c u l a t e d  when t w o  sources  are present .  T h e  simple add i t ion  

r u l e  indicated by Eq. ( 2 6 )  can be extendgd t o  inc lude  mul- 

t i p l e  sources .  For these reasons,  the  NSR d e s c r i p t i o n  of 

nonl inear  effects w a s  chosen fo r  use i n  subsequent w w k .  
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3 .  NONLINEARITIES I N  OPTICAL CORRELATION PROCESSORS 

I n  t h i s  s e c t i o n ,  t h e  e f f e c t s  of n o n l i n e a r i t i e s  on t h e  

opera t ion  of a t y p i c a l  o p t i c a l  correlator are descr ibed.  The 

correlator is  assumed t o  ope ra t e  as p a r t  of a larger elec- 

t r o n i c  system f o r  t h e  recept ion  of pulse-frequency modulation 

te lemetry.  The recept ion  system (Rochelle,  1963) i s  used i n  

s a t e l l i t e  and space probe communications ., Opt ica l  recording 

processes  a r e  assumed t o  transform t h e  electrical  s i g n a l s  

i n t o  photographic t r anspa renc ie s  which form t h e  i n p u t  t o  

the  c o r r e l a t o r .  These processes  can conta in  n o n l i n e a r i t i e s  

which degrade t h e  c o r r e l a t o r  opera t ion .  A d e s c r i p t i o n  of t h e  

recept ion  system and an i d e a l i z e d  model of i t s  opera t ion  with 

l i n e a r  recording processes  are f i r s t  presented. Nonlineari-  

ties i n  t h e  o p t i c a l  recording are then introduced and t h e  

r e s u l t i n g  effects on t h e  c o r r e l a t i o n  processing described. 

F i n a l l y ,  t h r e e  numerical examples are presented ,  I n  these ,  

t y p i c a l  o p t i c a l  recording characterist ics are used t o  demon- 

strate q u a n t i t a t i v e  e f f e c t s  on t h e  c o r r e l a t o r  opera t ion .  

3 .1  Mathematical Model of t h e  Operation of an 

Op t i ca l  Correlator and Related Reception System 

The recept ion  system rece ives  a sequence of frequency 

modulated RJ? pu l se s .  The pu l ses  a r e  of time-length T and 

begin a t  i n t e r v a l s  of 2T. During each pu l se ,  a s i n g l e  RF 

frequency is t ransmi t ted .  This frequency corresponds t o  one 

of a se t  of N poss ib l e  s i g n a l s .  The d e t e c t i o n  process  con- 

sists of determining which of these s i g n a l s  is  p r e s e n t  i n  
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each pulse .  Previous t o  t h e  c o r r e l a t i o n  processing,  t h e  RF 

pu l ses  are demodulated t o  form a sequence of low-frequency, 

t i m e - l i m i t e d  s inuso ids .  The s inuso ids  corresponding t o  t h e  

var ious  s i g n a l s  are harmonically r e l a t e d .  A member of t h e  

demodulated s i g n a l  set can thus be represented ,  during t h e  

occurrence of a pu l se ,  by 

f-dpw0-t:)) 

where; p i s  an i n t e g e r  ( 1 I P I N )  i n d i c a t i n g  which s i g n a l  i s  

p resen t ,  A i s  the  s i g n a l  amplitude, wo i s  t h e  fundamental 

rad ian  frequency of  the  s i g n a l  set, and t i s  t i m e .  The 

pu l se  l eng th  T i s  an i n t e g e r  number of per iods  of t h e  fun- 

damental rad ian  frequency woe 

var ious  demodulated s i g n a l s  form an orthogonal se t  over the 

pu l se  i n t e r v a l  

Under t h i s  condi t ion ,  the  

The o p t i c a l  c o r r e l a t o r  acts as a channelized, matched 

f i l t e r  f o r  t h e  d e t e c t i o n  of t h e  demodulated s i g n a l s .  The 

r e fe rence  t ransparency thus  conta ins  N channels,  each having 

a r e p l i c a  of one of t h e  s inuso ids  of t h e  demodulated set. 

The incoming s i g n a l s  are continuously recorded on t h e  s i g n a l  

t ransparency and o p t i c a l l y  correlated wi th  t h e  channels of 

t h e  re ference .  

I n  t h e  o p t i c a l  recording processes ,  a time-to-space 

t ransformation 

= v,t 3 (31) 

is made, where d i s  a s p a t i a l  v a r i a b l e ,  and vo i s  t h e  re- 

cording ve loc i ty .  The s p a t i a l  l ength  of a recorded s i g n a l  
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is  thus  

As a fun t i  n of  d ,  a m ign 

( 3 2 )  

1 set becomes 

wO I n  o r d e r  t o  c l a r i f y  the  equat ions ,  t h e  q u a n t i t y  (7) i s  nor- 
0 

malized t o  one. The s p a t i a l  r ep resen ta t ion  of a s i g n a l  is 

then 

during the occurrence of a pulse ,  These func t ions  are op- 

t i c a l l y  recorded. The amplitude t ransmi t tance  of t h e  r e su l -  

t a n t  s i g n a l  t ransparency i s  descr ibed  by S (x), where p 

i d e n t i f i e s  t h e  s i g n a l  p r e s e n t  and x r ep resen t s  a s p a t i a l  
P 

v a r i a b l e  ( i n  t h e  d i r e c t i o n  of processing)  on the t ranspar -  

ency. S imi l a r ly ,  t h e  t ransmi t tance  of a channel of  t h e  

r e fe rence  t ransparency i s  given by R (y)  I where q (1-q-N) 

denotes t h e  channel and y i s  t h e  appropr i a t e  s p a t i a l  v a r i -  

ab le .  

< <  
q 

The ou tpu t  of channel q of t he  correlator with s i g n a l  

p p r e s e n t  i s  descr ibed by 

where L i s  t h e  a p e r t u r e  length  of t h e  correlator ( s p a t i a l  

equ iva len t  of the pu l se  length)  and S ( y + z )  i s  the  image 

of t h e  recorded s i g n a l  a t  t h e  r e fe rence  t ransparency plane 

( a f t e r  displacement by t h e  c o r r e l a t i o n  v a r i a b l e  z ) .  The 

P 
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q u a n t i t y  C i s  t h e  c ros s -co r re l a t ion  i n t e g r a l .  Since L i s  

an i n t e g e r  number of per iods  of t h e  fundamental s p a t i a l  

frequency of the s i g n a l  se t ,  t h e  var ious  und i s to r t ed  s i g n a l s  

are or thogonal  over t h e  aper ture .  

qP 

I n  t h e  remainder of t h i s  s e c t i o n ,  t h e  e f f e c t s  of t h e  

pulsed n a t u r e  of the  s i g n a l s  on the  c o r r e l a t i o n  i n t e g r a l s  

a r e  neglected.  T h e  t i m e  l i m i t a t i o n  of t h e  s i g n a l s  simply 

imparts a t r i a n g u l a r  envelope of length  21 

c o r r e l a t i o n  func t ions  descr ibed  here.  This  s i m p l i f i c a t i o n  

allows the nonl inear  e f f e c t s  t o  be observed without  undue 

complication. 

. to  t h e  p e r i o d i c  

I f  t h e  o p t i c a l  recording processes  are l i n e a r ,  t h e  am- 

p l i t u d e  t ransmi t tance  of the s i g n a l  t ransparency i s  des- 

c r ibed  by 

S P l Z )  = a o + Q t  coscp=1j 
(36) 

where p denotes t h e  s i g n a l  p re sen t ,  and a. and al are de ter -  

mined from t h e  recording process  used. S imi l a r ly ,  t h e  t r ans -  

mit tance of channel q of t h e  r e fe rence  transparency i s  

2 bo+ b,  CQS(CEY),  Qftly 5 (37) 

where bo and bl are determined by i t s  record ing  process.  

When used i n  Eq. (35) t h e  bias  t e r m s  i n  these equat ions can 

be neglec ted  s i n c e  t h e  correlator i s  assvmed t o  conta in  a 

'Id. c. s top ."  S u b s t i t u t i n g  the  r e s u l t a n t  expressions i n t o  

(35) gives  
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Evaluat ion y i e l d s  

An oy tpu t  thus  appears i n  the channel of the correlator 

which corresponds t o  the  i n p u t  s i g n a l  and $ndicatiQns i n  the 

o t h e r s  are zero. T h i s  corresponds to normal opera t ion  of 

t h e  system. 

When the opt ica l  recording processes are non l inea r ,  the 

s i g n a l  and r e fe rence  t ransparenc ies  conta in  haqmonic distor- 

t i o n s  as described i n  s e c t i o n  2.1. The pmuAt$ng amplitude 

t ransmi t tance  of t h e  s i g n a l  t ransparency w i t h  signal p pre- 

s e n t  can be expressed by the  series 

where the s harmonic coefficients r e $ u l t  from the nonl inear  

characteristic of the s i g n a l  record ing  process. I n  a l i k e  

manner, the  t ransmi t tance  of channel q of the  r e fe rence  

t ransparency i s  given by 

where the r harmonic c o e f f i c i e n t s  r e s u l t  from the character- 

i s t i c  of t h e  r e fe rence  recording pzocess. The harmonic d$s- 

t o r t i o n s  can be expressed as 

ra t ios  given by 

equivalen.1: noise- to-s ignal  

J 
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and 

where the s u b s c r i p t s  s and r denote,  r e spec t ive ly ,  t h e  s i g n a l  

and r e fe rence  t ransparenc ies .  The Goruelator can thus  be 

considered t o  conta in  t w o  i n t e r v a l  equ iva len t  no i se  sources.  

T h e  effects of the n o n l i n e a r i t i e s  on t h e  ope ra t ion  of 

t h e  correlator are obta ined  by s u b s t i t u t i w  of (40) and ( 4 1 )  

i n t o  (35), which gives 

when the  d.c. terms are omitted. This  express ion  can be 

r e w r i t t e n  as 

Due t o  the  o r thogona l i ty  p r o p e r t i e s  of t h e  cos ine  func t ions ,  

and Eq. (45) can be w r i t t e n  



where 6 i s  one fax: mp = nq and zero  

ou tpu t  of the  corx-elatox- i s  thus  non-aero 
mPf  nq 

having a common frequency w i t h  the s i y n a l  

otherwise a The 

i n  those channels 

t ransparency e 

Outputs e x i s t  i n  channels corresponding to i n c o r r e c t  de- 

t e c t i o n  of t h e  signal, The o u t  ut o f  tl1e coxract, or signal 

channel is 

Two o t h e r  s p e c i f i c  cases a m :  

and 

which i n d i c a t e  t h e  o u t p i i t  o f  t h e  channels cerresponding to 

t w i c e  and ha l f  the f r e q ~ e n c y  3 f  the s igna t .  w a a n e l ,  Similar 

exp~essions can be ohta..ned for  other channc1.s. 

measures of t h e  

s ions  for %hese can be onkairhsd directly from ( 4 7 )  as 
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where P i n d i c a t e s  t he  equ iva len t  ou tpu t  power of channel 

q with s i g n a l  p p re sen t .  

with r e s p e c t  t o  t h e  equ iva len t  power i n  t h e  s i g n a l  channel. 

The r e s u l t i n g  expression 

qP 
T h i s  q u a n t i t y  can be normalized 

i n d i c a t e s  an "error-power r a t i o "  e x i s t i n g  between t h e  outputs  

of channel q and t h e  s i g n a l  channel. For t h e  s i g n a l  channel,  

t h i s  q u a n t i t y  becomes un i ty .  The d e f i n i t i o n  of t h e  EPR 

i s  s i m i l a r  t o  t h a t  of t h e  noise- to-s igna l  r a t i o  introduced 

previously.  

a l e n t  no i se  source (unwanted output )  t o  t h a t  of t h e  d e s i r e d  

s igna l .  

I t  r ep resen t s  the r a t i o  of t h e  power of an equiv- 

3.2 Examples 

A v a r i e t y  of o p t i c a l  recording processes  can be em- 

ployed t o  produce t ransparenc ies  f o r  use i n  o p t i c a l  co r re l a -  

t o r s .  The form and e x t e n t  of t h e  n o n l i n e a r i t i e s  involved 

i n  t h e s e  processes  can vary considerably.  Three examples 

which r e p r e s e n t  t y p i c a l l y  occurr ing  n o n l i n e a r i t i e s  are con- 

s idered .  I n  each example, it is  assumed t h a t  a s i n g l e  

c h a r a c t e r i s t i c  desc r ibes  both t h e  s i g n a l  and re ference  re- 

cording processes .  The harmonic series of t h e  r e s u l t a n t  

t ransparency f o r  each characterist ic are der ived  and t h e  
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corresponding NSR'  s and EPR' s ca lcu la t ed .  

The characterist ic f o r  t h e  f i r s t  example i s  l i n e a r .  

That of t h e  second follows a square l a w  and t h a t  of t h e  t h i r d  

an exponent ia l .  A l i n e a r  characteristic can r e s u l t  from use- 

of a s m a l l  ope ra t ing  region wi th in  a l a r g e r  nonl inear  char- 

a c t e r i s t i c  o r  from using p r e - d i s t o r t i o n  techniques t o  cance l  

non l inea r  e f f e c t s  e Characteristics approaching square l a w  

and exponent ia l  curves can be obta ined ,  r e s p e c t i v e l y ,  from 

p o s i t i v e  and negat ive  photographic processes  used i n  con- 

junc t ion  with primary l i g h t  modulators such as cathode ray  

tubes 

The characteristics f o r  the  o p t i c a l  recording processes  

of t h e  t h r e e  examples a r e  shown i n  Figures  2 through 4 .  

They desc r ibe  t h e  v a r i a t i o n  of t he  amplitude t ransmi t tance  

of a r e s u l t i n g  t ransparency w i t h  i n p u t  vo l tage .  In  the 

examples, t h e  s i g n a l s  are assumed t o  be recorded w i t h  a b i a s  

l e v e l  of .5v and an amplitude of .3v. The s p a t i a l  repre-  

s e n t a t i o n s  of t h e  electrical  i n p u t s  are thus  

(53) 
3 = . s + . 3 e = s C p d Q .  

I n  t h e  l i n e a r  case,  t h e  amplitude t ransmi t tance  of t h e  

s i g n a l  t ransparency wi th  s i g n a l  P p r e s e n t  becomes 

( 5 4 )  e o d p d l J  

and *e t ransmi t tance  of channel q of t h e  re ference  is 

=#s+-# C?O$ c q y 3 3 s  (55) 
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Since no d i s t o r t i o n s  are p r e s e n t n  t h e  corresponding noise-to- 

s i g n a l  r a t i o s  are aero.  With s i g n a l  p p re sen t ,  t h e  co r re l a -  

t o r  ou tput  i n  t h e  s i g n a l  channel is  

Outputs of %he o t h e r  channels are aero and t h e  corresponding 

error-power ra t ios  vanish as  shown i n  Table 1. The correla- 

t o r  thus  ope ra t e s  normally. 

I n  t h e  square law example, t h e  amplitude t ransmi t tance  

of t h e  t r anspa renc ie s  a r e  descr ibed  by 

C Z . 3  = r.sJ-. -a 
1 P 

and 

o r ,  a f t e r  expanding 

The s i g n a l  t ransparency and r e fe rence  channels thus conta in  

second harmonic d i s t o r t i o n s .  The corresponding noise-to- 

s i g n a l  r a t i o s  are 

NSRs = ,225 x lo-', 

and 

NSRr = .225 x 

(59)  

Because of t h e  harmonics, unwanted outputs  occur i n  channels 

corresponding t o  t w i c e  and h a l f  t he  frequency of t h e  s i g n a l  

channel. T h e  r e s u l t i n g  error-power r a t i o s ,  c a l c u l a t e d  from 



26 

Table 1. Error-power r a t i o s  corresponding t o  three o p t i c a l  
recording c h a r a c t e r i s t i c s  

Signal-Reference C h a r a c t e r i s t i c  - 
Channel Relat ion 

d P  Linear  Square Law Exponential  

1.0 1.0 1.0 

0 -2249 x 10-1 .2184 x 10-1 

0 0 ~ 0 4 5  

0 0 -4471 

0 0 .3458 

0 0 -1690 x 
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the  harmonic c o e f f i c i e n t s  of (57 )  and (581, and t h e  d e f i n i t i o n  

(52)  are shown i n  Table 1. 

In  t h e  exponent ia l  case, t h e  form of t h e  recorded s i g n a l  

can be obtained from a Taylor series expansion of t h e  charac- 

t e r i s t i c  about t h e  b i a s  p o i n t  e Neglecting o rde r s  h i g h e r .  than 

t h e  fou r th ,  t h e  amplitude t ransmi t tance  i s  given by 

S u b s t i t u t i n g  (53) i n  t h i s  expression and expanding the re- 

s u l t i n g  powers of t h e  cosine func t ion  i n t o  mul t ip l e  angles  

f o r  t h e  s i g n a l  transparency and a s i m i l a r  expression f o r  t he  

re ference  channels R (Y) The noise- to-s ignal  r a t i o s  corres-  

ponding t o  these expressions are 
q 

NSRs = , 2206  x l O - l ,  (63) 

and 

NSRr = - 2 2 0 6  x l 0 - l e  ( 6 4 )  

Harmonics h igher  than t h e  fou r th  do n o t  appear i n  t h e  ex- 

p r e s s i o n .  ( 6 2 )  due t o  t h e  t runca t ion  of t h e  Taylor series, 

The h igher  o rde r  t e r m s  of this series g ive  rise t o  a d d i t i o n a l  

harmonics and smal l  con t r ibu t ions  t o  t h e  ones r e t a i n e d  above. 

These are neglec ted  here. The four  harmonics of Eqe ( 6 2 )  

g ive  .rise t o  ou tpu t s  i n  t h e  channels l isted i n  T a b l e  1. The 
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error-power r a t i o s  shown w e r e  c a l c u l a t e d  from the coe f f i c -  

i e n t s  of (62 )  and t h e  d e f i n i t i o n  (52) .  

I n  t h i s  example, t h e  Taylor series expansion w a s  employ- 

ed  t o  ob ta in  the  harmonic c o e f f i c i e n t s  of t h e  recorded s i g -  

na l s .  Versions of this method have been used by s e v e r a l  

au thors  a s  descr ibed  i n  t he  summary of t h e  l i t e r a t u r e .  Other 

series expansions may be used, however, The Taylor method 

and some of these are descr ibed more thoroughly i n  %he nex t  

s e c t i o n ,  
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4 e EXPANSION METHODS FOR DETERMINING HARMONIC COEFFICIENTS 

4 . 1  In t roduct ion  

The harmonic c o e f f i c i e n t s  of t h e  output  of a s inusoid-  

a l l y  e x c i t e d  (zero-memory) nonl inear  device may be obtained 

by expanding, w i th in  t h e  ope ra t ing  region,  t h e  c h a r a c t e r i s -  

t i c  func t ion  of t h e  device,  Equations can be developed re- 

l a t i n g  t h e  expansion c o e f f i c i e n t s  of t h e  C h a r a c t e r i s t i c  t o  

t h e  ou tpu t  c o e f f i c i e n t s .  The Tchebyscheff (Tischer ,  1967)  

Legendre, Four ie r ,  and Taylor expansions are among those 

s u i t a b l e  f o r  t h i s  purpose. Equations r e l a t i n g  t h e  output  

harmonic c o e f f i c i e n t s  t o  the  expansion c o e f f i c i e n t s  of t hese  

series are der ived  i n  t h i s  s ec t ion .  Rela t ive  advantages of 

t h e  var ious  methods a r e  a l s o  d iscussed ,  

Two vers ions  of t h e  F o u r i e r  series method are presented.  

In  method A, a d i r e c t  expansion of t h e  nonl inear  charac te r -  

i s t i c  i s  performed wi th in  t h e  ope ra t ing  region. This method 

has a disadvantage i n  t h a t  if t h e  c h a r a c t e r i s t i c  i s  cont in-  

uous w i t h i n  t h i s  region ( [ a , b ] )  , b u t  does n o t  m e e t  t h e  

boundary condi t ion  

f(a1 = f ( b ) r  (65) 

i t s  p e r i o d i c  ex tens ion  i s  discontinuous.  The r e s u l t i n g  

Four i e r  series i s  slowly convergent (Lanczos, 1 9 6 6 ) .  This  

problem can b e  avoided, provided f ( x )  i s  continuous on [ a , b l ,  

by extending t h e  c h a r a c t e r i s t i c  symmetrically about e i t h e r  

of t he  end po in t s .  The p e r i o d i c  ex tens ion  of t h e  r e s u l t i n g  

func t ion  i s  continuous and i t s  .Four ie r  'series more quick ly  
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convergent (Lanczos, 1 9 6 6 ) .  T h i s  series can then be  used 

to  r e p r e s e n t  t he  c h a r a c t e r i s t i c  func t ion  wi th in  t h e  ope ra t ing  
I 

region. T h i s  procedure i s  employed i n  method B, More soph- 

is t icated schemes, n o t  considered he re ,  can be used t o  f u r -  

ther inc rease  t h e  rate of convergence of t h e  Four ie r  series 

provided success ive ly  h ighe r  d e r i v a t i v e s  of f (x) a r e  contin- 

uous (Lanczos, 1966)  e 

I n  o r d e r  t o  c l a r i f y  t h e  equat ions  of t h i s  +'-----=.---~-=--~ - d  

s e c t i o n ,  the  fol lowing n o t a t i o n  i s  adopted. The nonl inear  

characterist ic i s  termed f (x). T h e  ope ra t ing  region i s  

assumed t o  be [-1,1] and the  i n p u t  s inuso id  given by 

x = cos 0 .  ( 6 6 )  

The ou tpu t  of t h e  nonl inear  device i s  then f ( c o s  0 ) .  Since 

t h i s  i s  an even func t ion  i n  8,. i t s  Four i e r  series expansion 

has  the  form 

where 

and t h e  Neumann symbol ck i s  given by 

= 1, (69)  

( 7 0 )  

The d e f i n i t i o n  of the symbol i s  used throughout t h i s  chapter ,  

€0 
E l =  E 2  - - e.e = 2. 

I n  t h e  d e r i v a t i o n s  which follow, t h e  o rde r s  of in t eg ra -  
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t i o n  and summation of  i n f i n i t e  series of func t ions  are inter;-  

changed a t  var ious  t i m e s ,  This  procedure is j u s t i f i e d  by 

Arze l s ’ s  theorem (Apostol, 1957) 

4,2 Taylor S e r i e s  

The Taylor series expansion, about x = 0, of f (x) on 

[-1,1] i s  given by 

where 

I f  f ( x )  and i % s  d e r i v a t i v e s  are continuous on an i n t e r v a l  

conta in ing  [ - 1 , l 1  , t h e  series converges (Kaplan, 1952) Re- 

p l ac ing  x by cos 8 i n  E q .  ( 7 1 )  g ives  

which may be s u b s t i t u t e d  i n t o  t h e  Eq .  (68)  f o r  t h e  kth output  

harmonic c o e f f i c i e n t  y i e l d i n g  

The o r d e r  o f  i n t e g r a t i o n  and summation may be interchanged 

i n  this expression so t h a t  
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T h e  i n t e g r a l s  i n  t h i s  expression can be eva lua ted  us ing  t h e  

expansion (Mangulis, 1965) 

f o r  even n and 

f o r  odd n where t h e  l a r g e  b racke t s  denote binomial coe f f i c -  

i e n t s ,  S u b s t i t u t i n g  t h e s e  i n t o  the  i n t e g r a l s  of (75) and 

in te rchanging  t h e  o rde r s  of i n t e g r a t i o n  and summation g ives  

f o r  even n and 

f o r  odd n. Evaluation of t h e  remaining i n t e g r a l s  gives 
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f o r  a l l  n. Equation (75) thus  becomes 

This  expresses  t h e  ou tpu t  harmonic c o e f f i c i e n t s  bk i n  t e r m s  

of t h e  Taylor c o e f f i c i e n t s  an. 

4.3 Four ie r  Series - Method A 

The d i r e c t  Four ie r  series expansion of f ( x )  on [-1,1] 

can be w r i t t e n  as 

where 

and 

A s u f f i c i e n t  condi t ion  f o r  t h e  pointwise convergence of t h i s  

expansion on [-1,1] i s  t h a t  f (x) i s  s e c t i o n a l l y  continuous 

and square  i n t e g r a b l e  on [-1,ll (Jackson, 1 9 4 1 ) .  Replacing 

x by cos 0 i n  Eq. ( 8 2 )  g i v e s  

which i s  pointwise convergent f o r  0505~. The equat ion  g iv ing  
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t h e  kth ou tpu t  harmonic c o e f f i c i e n t  i s  

S u b s t i t u t i n g  the  series of Eq. (85) and interchanging t h e  

o rde r s  of  i n t e g r a t i o n  and summation g ives  

The i n t e g r a l s  here  may be  eva lua ted  by us ing  t h e  expansions 

(Mangulis, 1965)  

and 

where J1 i s  t h e  lth o r d e r  B e s s e l  f unc t ion  of t h e  f i r s t  type.  

S u b s t i t u t i n g  these i n t o  t h e  i n t e g r a l s  of Eq. (87) I and again 

in te rchanging  o rde r s  of i n t e g r a t i o n  and summation g ives  
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Evaluat ion y i e l d s  

S u b s t i t u t i n g  these r e s u l t s  i n t o  (87)  g ives  

fo r  even k and 

f o r  odd k, These are the  r e s u l t i n g  expressions fo r  t h e  out- 

p u t  harmonic c o e f f i c i e n t s  s 

4 
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4 . 4  Four ie r  Series - Method B 

A Four i e r  series expression for  f ( x )  on [-1,11 may be  

obta ined  by d e f i n i n g  a r e l a t e d  func t ion  g (x )  on [-2,2]1. On 

[0,21, g ( x )  i s  the  t r a n s l a t i o n  of f ( x )  given by 

g (x )  = f ( x  - l), ( 9 6 )  

On E-2,0], g ( x )  i s  extended evenly,  Because of t h e  even- 

ness  proper ty ,  t h e  Four ie r  series expansion of  g ( x )  on [-2,2] 

conta ins  only cos ine  t e r m s ,  This expansion i s  then given by 

The c o e f f i c i e n t s  an can a l s o  be eva lua ted  i n  terms of f ( x )  a s  

t 

(99 )  
9 k =  L , T W  Cas p ?g-(Z+t]-=J AZ. 

Replacing x by x +1 i n  Eq. (97 )  and us ing  Eq. ( 9 6 )  g ives  

o r  

S u b s t i t u t i n g  cos 8 f o r  x i n  t h i s  express ion  and using t h e  

r e s u l t i n g  series i n  t h e  equat ion for  the  kth ou tpu t  Four i e r  
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c o e f f i c i e n t  g ives  

Interchanging t h e  o rde r  of i n t e g r a t i o n  and summation y i e l d s  

The i n t e g r a l s  i n  t h i s  expression may be eva lua ted  us ing  the  

Using expansions (88)  and ( 8 9 )  where na is replaced by 7. 

these as i n  the previous d e r i v a t i o n  g ives  

n.rr 

and 

S u b s t i t u t i n g  these r e s u l t s  i n  (103)  g ives  t h e  equat ions f o r  

the ou tpu t  harmonic c o e f f i c i e n t s :  



f o r  even k and 

f o r  odd k, 

4 -5  Legendre Series 

The  Legendre series expansion (Kaplan, 1952)  of f ( x )  

on [-1,13 i s  given by 

where 

and Pn is  t h e  Legendre polynomial of o rde r  n, A s u f f i c i e n t  

condi t ion  f o r  t h e  pointwise convergence of t h e  series ( 1 0 6 )  

on [-l,l] is t h a t  f (x) i s  s e c t i o n a l l y  continuous and square 

i n t e g r a b l e  on [-1,13 (Jackson, 1 9 4 1 )  The Legendre poly- 

nomials can be def ined  by 

Po(x) = 1, (110) 

P 1 M  = X I  (111) 

and t h e  recurrence r e l a t i o n  
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The pointwise convergence of ( 1 0 6 )  on [-1,1] impl ies  t he  

pointwise convergence of t h i s  expression for O<B<.rr. 

( 1 1 2 )  may be s u b s t i t u t e d  i n t o  the  equat ion  f o r  t h e  kth out- 

p u t  harmonic c o e f f i c i e n t ,  

Equation 

g iv ing  

Since t h e  series ( 1 1 4 )  i s  pointwise convergent on (O,.rr) , t h e  

order  of i n t e g r a t i o n  and summation i n  t h i s  expression can be 

interchanged so t h a t  

The i n t e g r a l s  i n  t h i s  expression can be eva lua ted  us ing  t h e  

expansions (Mangulis, 1965)  

fo r  even n and 

f o r  odd n,  where I' r e p r e s e n t s  t h e  gamma funct ion.  Subs t i tu -  

t i n g  these expansions i n  the  i n t e g r a l s  and again i n t e r -  
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changing o rde r s  of i n t e g r a t i o n  and summation gives 

&"'9,(cose) COSOLLe) d e  = 

f o r  even n and 

f o r  odd n.  Evaluat ing the i n t e g r a l s  i n  these expressions 

g ives  

f o r  both even and odd n. S u b s t i t u t i o n  of t h i s  r e s u l t  i n  

(117)  y i e l d s  

This express ion ,  then, g ives  the  ou tpu t  harmonic c o e f f i c -  

i e n t s  bk i n  terms of t h e  Legendre expansion c o e f f i c i e n t s .  
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4 .6  Tchebyscheff Series 

The Tchebyscheff expansion (Snyder, 1966)  of a func t ion  

f ( x )  on t h e  i n t e r v a l  [-1,11 is  given by 

and 

1 

where Tn (x) r ep resen t s  t h e  Tchebyschef f polynomial of o rde r  

n.  A s u f f i c i e n t  condi t ion  f o r  t h e  convergence of ( 1 2 4 )  i s  

t h a t  f ( x )  i s  piecewise continuous on [-1,1] a The Tcheby- 

schef f  polynomials can be def ined  by 

To(x) = 1, 

T1(X) = X I  

and the  recurrence r e l a t i o n  

-K4*, ("5 
o r  t h e  "Rodrigues" formula 

The polynomials can be a l t e r n a t e l y  expressed a s  

pi le ; (XS = cos ( K  cas-' 2G-j , 

When cos 8 i s  s u b s t i t u t e d  f o r  x ,  
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Equation (124) then can be w r i t t e n  as 

~ O S O  €3) ) 
lnaa 

and E q .  (123) as 

h 

M"- 5 

These equat ions are recognized a s  those of Four ie r  expansion 

of t h e  ou tpu t  of t h e  nonl inear  device.  The var ious  Tcheby- 

schef f  polynomials which form t h e  expansion of f (x) thus  

correspond t o  t h e  harmonics of the  output  s i g n a l .  The har- 

monic c o e f f i c i e n t s  bk of Eq, (68)  are then given simply by 

bk = ak (132) 

Because of t h i s  unique proper ty  of t h e  Tchebyscheff poly- 

nomials, t h e  harmonic c o e f f i c i e n t s  of t h e  output  of t h e  

non l inea r  device can be obtained d i r e c t l y  from t h e  expansion 

of i t s  c h a r a c t e r i s t i c ,  T h e  o t h e r  expansion methods des- 

cribed do n o t  have t h i s  property.  I t  should be noted, how- 

eve r ,  t h a t  t h e  equivalence of t h e  Tchebyscheff and harmonic 

c o e f f i c i e n t s  e x i s t s  only when t h e  change of v a r i a b l e  x = cos 8 

is made. When the amplitude of t h e  cos ine  is  other than one, 

the right-hand s i d e  of Eqm (129) is  replaced by a series 

express ion ,  

f i n i t e  sums, T h i s  d i f f i c u l t y  can be overcome i n  the  genera l  

The r e s u l t i n g  equat ions f o r  the  bk involve in -  

case by appropraate  normalizat ion of t h e  expansion i n t e r v a l .  
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4 7 Rela t ive  Advantages 

A l l  of the preceding expansion methods can be used t o  

determine the  effects  of n o n l i n e a r i t i e s  on s i n u s o i d a l  s i g n a l s .  

The harmonic c o e f f i c i e n t s  of t h e  output  are given, i n  t e r m s  

of t h e  var ious  expansion c o e f f i c i e n t s ,  by t h e  r e l a t i o n s  

der ived 

T h e  Tchebyscheff expansion method has  s i g n i f i c a n t  

advantages i n  t h a t  i t s  c o e f f i c i e n t s  are equal  t o  those of 

the ou tpu t  harmonics, The summations requi red  by t h e  o t h e r  

methods a r e  avoided. This is of value s i n c e  the sums must 

be t runca ted  in most app l i ca t ions .  The t runca t ion  i n t r o -  

duces e r r o r s  i n t o  t h e  express ions  f o r  t h e  output  harmonic 

c o e f f i c i e n t s  and convergence must be considered. 

U s e  of any of the methods r equ i r e s  t h e  expansion co- 

e f f i c i e n t s  t o  be obtained from t h e  nonl inear  c h a r a c t e r i s t i c ,  

The advantages of any one of t h e  methods, i n  t h i s  r e s p e c t ,  

are n o t  r e a d i l y  apparent.  T h e  ease of c a l c u l a t i o n  of t he  

var ious  sets of c o e f f i c i e n t s  depends on t h e  form of t h e  

given c h a r a c t e r i s t i c ,  I n  s p e c i f i c  casesB any one se t  may 

be  most e a s i l y  eva lua ted ,  
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5. COMPARISON O F  THE EXPANSION METHODS 

T h i s  s e c t i o n  p resen t s  a comparison of t h e  use of the  

var ious  expansion methods f o r  ob ta in ing  t h e  harmonic c o e f f i -  

c i e n t s  of  t h e  ou tpu t  of a nonl inear  device,  Approximations 

t o  t h e  c o e f f i c i e n t s  a r e  obtained from t runca ted  Legendre, 

Four ie r ,  and Taylor expansions of o rde r s  t w o  through nine.  

These approximations are compared w i t h  values  given by the  

Tchebyschef f method. Output harmonics of  o rde r s  one through 

f o u r  are considered. 

Computer programs w e r e  used t o  ob ta in  t h e  Tchebyscheff 

(RCH) , Legendre ( L E G ) ,  Four ie r  (FOU) , and modified Four ie r  

( F O B ) ,  and Taylor (LMS) expansion c o e f f i c i e n t s  f o r  t h e  char- 

acter is t ic  shown i n  Figure 5. This curve i s  t y p i c a l  of 

high-gamma photographic processes  used i n  o p t i c a l  d a t a  pro- 

ces s ing  and holography, 

numerical i n t e g r a t i o n  procedures w e r e  used to  o b t a i n  t h e  

expansion c o e f f i c i e n t s  ., The Taylor series c o e f f i c i e n t s  

were obtained by t h e  leas t - squares  method of curve f i t t i n g .  

The Tchebyscheff c o e f f i c i e n t s  w e r e  obtained us ing  the  

method descr ibed  i n  t h e  fol lowing sec t ion .  

Except f o r  t h e  Taylor series method, 

The expansion c o e f f i c i e n t s  were then used i n  t he  ex- 

p re s s ions  der ived  i n  s e c t i o n  5 f o r  the output  harmonic 

c o e f f i c i e n t s .  The r e s u l t s  f o r  harmonic c o e f f i c i e n t s  of  

o rde r  one through four  given by t r u n c a t i n g  t h e  expansions 

a t  o rde r s  %wo through n ine  are shown i n  Figures  6 through 

9 .  The  t r e n d  of convergence t o  t h e  Tchebyscheff values  as 
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t h e  expansion o rde r  i s  increased  can be seen. 

The f i g u r e s  demonstrate t h e  advantages of us ing  the 

Tchebyscheff expansion method. T h e  TCH va lues  are given 

d i r e c t l y  by t h e  f i r s t  four  expansion c o e f f i c i e n t s .  Higher 

o r d e r  t e r m s  are unnecessary. The convergence of the  approx- 

imat ions given by the o t h e r  methods v a r i e s  somewhat w i t h  

t h e  ou tpu t  harmonic order .  I n  most i n s t ances ,  a t  least 

s i x t h  order expansions w e r e  necessary fo r  good convergence. 

T h e  improved convergence of t h e  FOB method i s  apparent.  
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6.  A NUMERICAL METHOD FOR COMPUTING TCHEBYSCHEFF COEFFICIENTS 

Previous s e c t i o n s  demonstrate the advantages of using t h e  

Tchebyscheff expansion method f o r  determining t h e  output  

harmonic c o e f f i c i e n t s  of a nonl inear  device.  The a p p l i c a t i o n  

of t h i s  method to  a c t u a l  problems n e c e s s i t a t e s  the determina- 

t i o n  of the Tchebyschef f c o e f f i c i e n t s  from t h e  characteristic 

func t ions  e This s e c t i o n  descr ibes  a numerical method t o  

accomplish t h i s .  

I n  t h e  s tudy of nonl inear  devices ,  the  c h a r a c t e r i s t i c  

func t ion  (or t r a n s f e r  c h a r a c t e r i s t i c )  may be given e i t h e r  

a n a l y t i c a l l y ,  g raph ica l ly ,  or numerically.  The method pre-  

sen ted  here  can be used wi th  c h a r a c t e r i s t i c s  given i n  any 

of these forms. I t  c o n s i s t s  of r ep resen t ing  t h e  charac te r -  

i s t i c  by a piecewise l i n e a r  approximation and then ca lcu la-  

t i n g  a n a l y t i c a l l y  the Tchebyscheff c o e f f i c i e n t s  of t h i s  rep- 

r e s e n t a t i o n  @ Since t h e  only approximations introduced are 

those i n  the  piecewise r ep resen ta t ion  of t h e  c h a r a c t e r i s t i c ,  

t h i s  method seems t o  have advantages over  t he  d i r e c t  app l i -  

c a t i o n  of numerical i n t e g r a t i o n  ., 

Figure 1 0  shows a t y p i c a l  nonl inear  character is t ic  f ( x )  

and a region where the  Tchebyscheff expansion i s  des i red .  

The region i s  given by 

I X  - x0I 2 A. 

Making t h e  change of v a r i a b l e  

0 u = -  
x-x 

A f  



t h e  reg ion  i n  u is  

Iul I 1, 
The expansion c o e f f i c i e n t s  are then given by either 

o r  

as was shown previously.  These equat ions can be s i m p l i f i e d  

by d e f i n i n g  

g(U) = fgAU f Xo) (138) 

i n  t h e  reg ion  given by (135).  Equations (136) and (137) then 

become 

and 

T h e  func t ion  g ( u )  can be represented  by a piecewise 

l i n e a r  approximation c o n s i s t i n g  of N segments as shown i n  

Figure 11, When g ( u )  i s  continuous,  t h e  e r r o r  i n  the approx- 

imation can be made a r b i t r a r i l y  small by inc reas ing  t h e  num- 

b e r  of segments N such that  t h e  length  of each becomes 

s m a l l .  I f  a se t  of  N f 1 values  of u and g (u )  inc luding  t h e  

endpoints  of t h e  i n t e r v a l  IuI 5 1 are known, the equat ions  
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of the  corresponding segments can be computed. Denoting 

t h e  va lues  of u and g by u; and g (u; 1 I where l<iiN+l, t he  
J. J. 

Tchebyscheff expansion c o e f f i c i e n t s  f o r  t h e  

g (u )  are given by 

a, a&+== 

approximation t o  

(141) 
d w  

t h  
where (ci and diu) r ep resen t s  t h e  equat ion €or t h e  i seg- 

ment, The cons t an t s  ci and di can be computed by so lv ing  

t h e  equat ions  

and 

which g ive  

and 

Equation (139) can be eva lua ted  by making the change of v a r i -  

ab l e  

u = cos 8, (146) 

SO t h a t  i t  becomes 
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Expansion of the cosine products  allows t h i s  expression t o  

be r e w r i t t e n  as 

f o r  1-22. 

Evaluat ion of t h e  i n t e g r a l s  g ives  

and 

f o r  nZ2. The Tchebyscheff expansion of t h i s  piecewise l i n e a r  
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approximation t o  gdu) can thus  be computed numerically from 

Eqs, ( 1 4 4 1 ,  (1451, and (153.1 through (1531, The a p p l i c a b i l -  

i t y  of t h i s  method t o  numeric data i s  evident .  T h e  d a t a  

p o i n t s  simply become the  ui and g ( u i ) .  I f  t he  d a t a  are 

given i n  graphic  o r  a n a l y t i c  form, t h e  ui and g(uil  can be  

r e s p e c t i v e l y  measured or  computed, 
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7. A FORTRAN PROGRAM FOR COMPUTING HARMONIC COEFFICIENTS 

AND NOISE-TO-SIGNAL RATIOS 

I n  t h e  preceding s e c t i o n s ,  a method employing t h e  Tcheby- 

schef f  expansion was developed f o r  determining the  output  

harmonic c o e f f i c i e n t s  of a nonl inear  device.  T h i s  s e c t i o n  

descr ibes  development of a computer program c a l l e d  henceforth 

"ODP 11" which uses  this method. The program serves  as an 

example of t h e  a p p l i c a t i o n  of t h e  method and it fac i l i t a tes  

the  a n a l y s i s  of a c t u a l  nonl inear  characteristics, I t  can be 

used t o  compare c h a r a c t e r i s t i c s  and t o  determine which por- 

t i o n s  of a s p e c i f i c  c h a r a c t e r i s t i c  g ive  rise t o  minimum s i g -  

n a l  d i s t o r t i o n s .  

From a set of i n p u t  data p o i n t s  taken from a charac te r -  

i s t i c ,  t h e  program computes Tchebyscheff expansions of sub- 

regions.  The expansions are computed using the  method pre- 

sented i n  t h e  previous sec t ion .  The subregions are s p e c i f i e d  

by t h e  u s e r  and can correspond to  any consecut ive subset of 

t he  set  of i n p u t  d a t a  p o i n t s .  The expansions a r e  computed 

through an o rde r ,no t  exceeding 9 , spec i f i ed  by the  user .  In- 

pu t  data sets can be taken from characterist ics d i r e c t l y  o r  

from Hur te r -Dr i f f i e ld  curves r ep resen t ing  photographic 

processes .  When t h i s  second opt ion  i s  used, t he  program 

automat ica l ly  transforms the  logar i thmic  data i n t o  amplitude 

t ransmi t tance  and exposure q u a n t i t i e s .  

For each subregion,  t he  program ou tpu t  conta ins  t h e  

Tchebyscheff expansion c o e f f i c i e n t s ,  equ iva len t  noise-to- 
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s i g n a l  r a t i o ,  and i d e n t i f i c a t i o n  da ta .  T h e  program i s  repro- 

duced i n  s e c t i o n  11 and a flow chart i s  shown i n  Figure 1 2 ,  

The f o u r  d i g i t  numbers shown i n  t h e  blocks of t h e  flow chart 

correspond t o  t h e  s ta tement  numbers of t h e  program. 

For each characterist ic,  t h e  subregions are determined 

by a l i s t  of amplitude parameters and a spacing parameter. 

These are p a r t  of t h e  requi red  program i n p u t  and correspond 

numerically t o  numbers of p o i n t s  of t h e  i n p u t  data set .  Thus, 

an amplitude parameter of t e n  corresponds t o  a region spanned 

by t e n  po in t s  of t h e  i n p u t  d a t a  set .  I f  t h e  data p o i n t s  are 

equal ly  spaced, a s p e c i f i c  amplitude parameter impl ies  a 

f ixed  subregion length., For each amplitude parameter l is ted,  

t h e  program v a r i e s  t h e  l o c a t i o n  of t h e  subregion by inc re -  

ments  corresponding t o  t h e  spacing parameter, T h i s  process  

i s  begun a t  t h e  beginning of t h e  i n p u t  d a t a  s e t  and i s  con- 

t inued  u n t i l  the region reaches t h e  end of t h e  set ,  T h i s  

process  i s  repeated for  each l i s t ed  amplitude parameter. 

For each c h a r a c t e r i s t i c  ~ -&-", t h e  program i n p u t  

c o n s i s t s  of three cards  conta in ing  parameters followed by 

data cards. The f i rs t  parameter card  conta ins  i d e n t i f i c a -  

t i o n  symbols f o r  t h e  c h a r a c t e r i s t i c ,  a type parameter, t h e  

number of p o i n t s  i n  the d a t a  se t ,  t h e  number of amplitude 

parameters l i s ted ,  t h e  s t e p  parameter,  a normalizat ion para- 

m e t e r l  and an error parameter. The type  parameter i s  se t  

equal  t o  zero i f  t h e  func t ion  i s  t o  be expanded a s  given. 

When the  type parameter i s  one, t h e  i n p u t  d a t a  i s  assumed 
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t o  be i n  t h e  form of a Hur t e r -Dr i f f i e ld  curve. T h e  h igher  

order  Tchebyscheff c o e f f i c i e n t s  p r i n t e d  i n  t h e  ou tpu t  are 

narmalized w i t h  r e s p e c t  t o  t h e  f i r s t  o rde r  i f  t he  normali- 

za t ion  parameter i s  one. O t h e r w i s e ,  t h e  c o e f f i c i e n t s  are 

l e f t  unnormalized. T h e  error parameter should be set  equal  

t o  an estimate of t h e  accuracy of  t h e  func t ion  va lues  i n  

t h e  i n p u t  d a t a  set. The second parameter card conta ins  a 

l i s t  of the amplitude parameters and t h e  t h i r d  conta ins  a 

l i s t  of t h e  corresponding o rde r s  t o  which t h e  expansions 

a re  t o  be computed. Each of t h e  cards  of t h e  d a t a  s e t  con- 

t a i n s  an argument va lue  followed by the corresponding func- 

t i o n  value.  These cards  are read i n  o rde r  of i nc reas ing  

value of t h e  argument. 
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DIMENSION DATA 

FOR CHARACTER1 S T I C  
I 0 0 0 4 - 0 0 1 1  II 

HURTER-DR 

CONVERT DATA TO 
AMPLITUDE T RAN SMITTANCE 
D EXPOSURE QUANTITIES 

ALL SPECIFIED INTERVALS 
BEEN COMPUTED? 

RETURN FOR 

NEW INTERVAL 

NORMALIZE INTERVAL 

COMPUTE TCHEBYSCHEFF 
EXPANSION COEFFICIENTS 

DELETE COEFFICIENTS 
LESS THAN NOISE LEVEL 

DNSR, 1/S 
0072-0084  

NORMALIZE COEFFICIENTS 
I F  SPECIFIED 

0085-0090  

Figure 1 2 ,  F low chart for t h e  program ODP-11 
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8,  ANALYSIS O F  THE CHARACTERISTIC 

CURVES OF TYPE 649-F SPECTROSCOPIC PLATES 

The developed f o r t r a n  program w a s  used t o  analyze t h e  

characterist ic curves of  Kodak, type  649-F Spectroscopic  

Plates .  T h i s  se rves  as an example of t h e  use of t h e  program 

ou t l ined  i n  t h e  preceding sec t ion .  I t  is  a l s o  an a n a l y s i s  of 

t he  c h a r a c t e r i s t i c s  of p l a t e s  which are widely used i n  o p t i -  

c a l  d a t a  processing and holography. The r e s u l t s  r evea l  op- 

timum exposure and development condi t ions  f o r  t h e  use of 

t he  p l a t e s .  

The curves w e r e  ob ta ined  i n  Hur te r -Dr i f f ie ld  form from 

a pub l i ca t ion  of t h e  Eastman Kodak Company (Kodak, 1 9 6 7 ) .  

They r ep resen t  1 0  second exposure t o  tungsten i l l umina t ion  

and development i n  Kodak developer D - 1 9  a t  6 8 O  F. 

curve i s  i d e n t i f i e d  by i t s  corresponding development t i m e .  

The curves w e r e  en la rged  photographical ly  t o  approximately 

4 "  x 8" s i z e ,  An accura t e  set of d a t a  was then taken from 

each curve and t h e  corresponding amplitude t ransmi t tance  vs e 

exposure d a t a  w a s  obtained us ing  a simple f o r t r a n  program. 

T h i s  data was then accu ra t e ly  p l o t t e d  on graph paper,  The 

r e s u l t i n g  curves are shown i n  Figure 13. F i n a l  d a t a  f o r  

use i n  t he  program w a s  taken from these curves. This pro- 

cedure allows t h e  f i n a l  d a t a  t o  be i n  equal  i n t e r v a l  form. 

Thus, a set  number of consecut ive d a t a  p o i n t s  corresponds 

t o  a s p e c i f i c  region length.  

Each 

In  order t o  determine t h e  accuracy of t h e  d a t a  t ak ing ,  





6 1  

three independent observa t ions  of 9 6  p o i n t s  on t h e  2 minute 

c h a r a c t e r i s t i c  w e r e  made, A s h o r t  f o r t r a n  program w a s  then 

w r i t t e n  t o  estimate t h e  s tandard  dev ia t ion  of t h e  observa- 

t i o n s .  T h e  r e s u l t i n g  estimate w a s  .0033. T h i s  s tandard  

dev ia t ion  estimate w a s  subsequently used a s  the  e r r o r  para- 

m e t e r  i n  t he  program. 

T h e  f i n a l  d a t a  se t  f o r  each of t h e  649-F c h a r a c t e r i s t i c  

curves cons i s t ed  of approximately 9 0  p o i n t s ,  The amplitude 

parameters used w e r e  11, 2 1 ,  31, e tc ,  and t h e  s t e p  parameter 

was 5 .  Resul ts  from t h e  program are shown i n  Figures  1 4  

through 21 .  I n  t h e  f i g u r e s  the i n p u t  exposure i s  assumed t o  

be of t h e  form 

where Eo i s  the  b i a s  l e v e l  and A i s  t h e  amplitude of t h e  

s inuso id ,  and wx r ep resen t s  i t s  s p a t i a l  rad ian  freqgency. 

Figures 1 4  through 17 show the  ou tpu t  fundamental (undis- 

t o r t e d  s i g n a l )  amplitude as a func t ion  of b i a s  l e v e l  and 

i n p u t  s inuso id  amplitude A ,  Figures  1 8  through 2 1  show the  

output  NSR as a func t ion  of bias l e v e l  and i n p u t  amplitude. 

- 







I 













9, CONCLUSIONS AND RESULTS 

The r e s u l t s  of s e c t i o n  5 confirm t h e  t h e o r e t i c a l  advan- 

tages  of t h e  Tchebyscheff method i n  ob ta in ing  the output  

Four ie r  c o e f f i c i e n t s  of a s i n u s o i d a l l y  e x c i t e d  nonl inear  

device,  A l l  of t h e  other expansion methods r e q u i r e  higher  

o rde r  t e r m s  i n  o rde r  t o  approximate a given harmonic coe f f i -  

c i e n t ,  T h i s  i s  also the  case f o r  t he  Four ie r  series method 

although s i g n i f i c a n t  improvements w e r e  obtained by t h e  modi- 

f i c a t i o n  of t h e  expansion procedure (Four ie r  Series - Method 

B) e 

Resul ts  of t h e  a n a l y s i s  of the c h a r a c t e r i s t i c  curves of 

type 649-F spec t roscopic  p l a t e s  show t h a t  the e f f e c t s  of t h e  

n o n l i n e a r i t i e s  can be minimized f o r  a given characterist ic 

by choosing b i a s  levels appropr ia te  t o  t h e  amplitude. I n  

most cases ,  t h e  optimum bias corresponds t o  t h e  maximiza- 

t i o n  of t he  output  fundamental amplitude. Figure 22  shows 

the  N S R ' s  (at optimum b i a s )  of t h e  fou r  c h a r a c t e r i s t i c s  as 

a func t ion  of t h i s  amplitude, From the graph, it can be 

seen t h a t  under optimum-bias condi t ions  t h e  9 minute char- 

acter is t ic  e x h i b i t s  minimum nonl inear  e f f e c t s .  The output  

fundamental amplitude .4  r ep resen t s  a th reshold  value.  For 

output  amplitudes less than this, a l l  of the  c h a r a c t e r i s t i c s  

g ive  N S R ' s  less than . 0 2  w i t h  optimum b ia s .  
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11. COMPUTER PROGRAM 

O D P 1 1 :  NONLINEAR C H A R A C T E R I S T I C  A N A L Y S I S  
PROGRAM 

DIMENSION N P ( 1 5 )  , N O R D ( 1 5 )  , X ( 1 0 5 )  , Y I N ( 1 0 5 )  I 

XN ( 1 0 5 )  , A T  ( 1 5  , 1 0 5  , 1 0 )  

105)  , S N R ( 1 5 , 1 0 5 ]  
DIMENSION E R P S  ( 1 5 , 1 0 5 )  

DIMENSION Y ( 1 0 5 )  , X 0 ( 1 5 , 1 0 5 )  , L S A V E ( 1 0 5 )  I F E R ( 1 5 ,  

READ I N P U T  DATA 

READ ( 1 I 20 ) 
, E R R  
FORMAT ( 2 A 4 , A 2  I 515,FlO , 4) 
R E A D ( 1 , 2 1 )  ( N P ( 1 )  , I = l , N A M P )  
READ (1 , 21% 
FORMAT ( 2 0 1 5 )  

P R ,  P R 1 ,  P R 2  , NTYPE ,N , NAMP I N S T E P  ,NORM 

(NORD ( I )  , I=l ,NAMP) 

PR= I D E N T I F I C A T I O N  SYMBOLS 
NTYPE=O=INPUT DATA IS  FUNCTION TO BE EXPANDED 
NTYPE=1=INPUT DATA I S  I N  HURTER-DRIFFIELD FORM 
MENUMBER O F  DATA P O I N T S  
NAMP=NUMBER O F  AMPLITUDES 
NSTEP=NUMBER O F  INTERVALS I N  STEP 
NORM=O=COEFFICIENTS ARE P R I N T E D  
NORM=l=HIGHER ORDER C O E F F I C I E N T S  ARE NORMALIZED 
TO F I R S T  ORDER 
ERR=NOISE LEVEL O F  DATA (SET=O I F  NOT USED) 
N P ( I ) =  NUMBER O F  
NORD ( I )  = H I G H E S T  
AMPLITUDE 

DO 1 I = 1 , N  
R E A D ( 1 , 2 2 )  X ( 1 )  , 
F O R M A T C 2 F 1 0 . 4 )  

P O I N T S  I N  I T H  AMPLITUDE 
ORDER TO BE F I T T E D  TO I T H  

Y I N  ( I )  

I F  (NTYPE-1)  30 31,30 
DO 32 I = I , N  
X ( 1 )  =10. " " X ( 1 )  
YIN(I)=lO.""(-YIN(I)/2.) 

X=EXPOSURE VARIABLE 
YIN=DENSITY VARIABLE 

DETERMINE LOCAL INTERVALS 

DO 9- K=l,NAMP 
DO 8 L = 1 , N  
N P l = N P  (K) 
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COMPUTER PROGRAM ( C o n t i n u e d - )  

0 0 1 9  
0020  
0 0 2 1  

0022  
0 0 2 3  
0 0 2 4  

0 0 2 5  
0 0 2 6  
0 0 2 7  
0 0 2 8  

0029 
0 0 3 0  
0033. 
0 0 3 2  
0 0 3 3  

0 0 3 4  
0 0 3 5  
0 0 3 6  

0 0 3 7  
0 0 3 8  
0 0 3 9  
0 0 4 0  

0 0 4 1  
0 0 4 2  

0 0 4 3  
0 0 4 4  
0 0 4 5  

0 0 4 6  
0 0 4 7  
0 0 4 8  
0 0 4 9  
0 0 5 0  

C 
C 
C 

3 

2 
C 
C 

200 
202 

2 0 4  

2 0 3  
201 

C 
C 
C 

C 
C 
C 

C 
C 

C 

C 

3 0 1  

100 

10 1 
PO4 

NB= (L-1)  "NSTEP+1 
NE=NB+NP ( K )  -1 
IF(NE-N) 3 , 3 , 9  

NORMALIZE LOCAL INTERVAL TO ( - 1 , 1 )  

DO 2 I=NB,NE 
NUM 1=16 -NB+ 3. 
XN (NUM1]= ( 2  e *X ( I )  -X (NE) -X (NB) ) /(X (NE) -X (NB) ) 

SEARCH FOR XN OUTSIDE (-1'1) 
DO 2 0 1  I = 1 , N P l  
I F  & 1 , - X N ( I ) * X N ( I )  ) 2 0 0 , 2 0 1 , 2 0 1  
WRITE (@,202) I , X N ( I )  ,L,K 
FORMAT ( '  ' I  X M ( ' , I 3 , ' ) = ' , E 1 1 . 4 , '  I N  L I N E ' , '  
OF AMPLITUBEn,13) 
I F I X N g I ) )  2 0 3 , 2 0 3 , 2 0 4  

GO TO 2 0 1  
X N ( 1 ) = - . 9 9 9 9 9 9  
CONTINUE 

r n ( 1 ) = = . 9 9 9 9 9 9  

ADJUST 41 VALUES 

DO 4 J = P , N P 1  
NUM2=NB+J-l 
4Y (J) = Y I N  (NUM2) 

COMPUTE EXPANSION 

M=NORB ( K )  +l 
DO 5 I = 1 , M  
NI=NP Q K )  -1 
AT ( K  I I; , I) =O 

A T $ K , L , I ) =  TCHEB COEFF FOR AMP(K) , INTERVAL(L) 
BORDER+l=I 

D( 6 0  J = 1 , N 1  
I F ( X N ( J ) )  3 0 1 , 1 0 0 , 1 0 1  
ARGl=ATAJ3 (SQRT (1, -XN ( J )  * X N  (J) ) /XN (J) ) +3 e 
1 4 1 5 9 2 6  
GO TO 1 0 4  
ARG1=1.5707963 
GO TO 1 0 4  
ARGl=ATZXN(SQRT(1,-XN(J) * X N ( J ) ) / X N ( J ) )  
I F  [XN ( J S L )  1 3 0 3  I 1 0 2  , 1 0 3  



76 

COMPUTER PROGRAM [Continued) 

0051 

0052 
0053 
0054 
0055 
0056 
0057 
0058 
0059 

0060 
0061 

0062 
0063 

0064 
0065 
0066 

0067 
0068 
0069 
0070 
0071 

0072 
0073 
0074 
0075 
0076 
0077 
007% 
0079 
0080 
0081 
00 82 
0083 

303 

102 

103 
105 

107 

10 8 

109 

60 
5 

C 
C 
C 

6 
7 

C 
C 
C 
C 
C 

C 

13 

14 

15 

ARG2=ATAN(SQRT(ae-XN(J+1) *xN(J+l))/XN(J+l)) 
+3,%415926 
GO TO 105 
ARG2=1,5707963 
GO TO 105 
ARG%-ATAN(SQRT(1,-XN(J+1) *xN(J+1))/XN(J+1)) 
AO= (Y ( J)  "XN (J+l) -Y (J+1) *XN (J) ) / (XN (J+1) -XN (J) ) 
A1= (Y (J4-1) -Y (J) 1 / (XN (J+1) -XN (J) ) 
IF (1-2) 107,108,109 
AT (K, L I) =AT (K IL, I) + (AO* (ARG1-ARG2) +AI* (SIN ( 
ARG2) 1 1  
GO TO 60 
AT (K ,L I) =AT (K,L, I) + ( a 5*A1* (ARG1-ARG2) +AO* ( 
SIN(ARG1)-SIN(ARG2) )+1.25*A1*(SIN(2.*ARGl)- 
SIN(2,"ARG2) ) )  
GO TO 60 
AT (K, L, I) =AT (K, L , I> + ( 
612*ARG2% ) /I2 

5*A1* (SIN (I2 *ARG1) -SIN 

1+AO* ( S I N  (I1*ARG1) -SIN (Il*ARG2) ) /I1 
2S, 4"A1* ( S I N  (I"ARG1) -SIN (I*ARG2) )/I) 
CONTINUE 
AT (K , L , I] =AT (K L , I /1.5 7 0 796 3 
XO {K ,L) -p e 5" (X (NB) +X (NE) ) 

CHECK FOR COEFFICIENTS LESS THAN NOISE LEVEL 

DO 7 I=1,M 
ATAB=ABS(AT(K,L,I)) 
IF (ATAB-ERR) 6,7,7 
AT (K,L,I%I ==O e 0 
CONTINUE 

COMPUTE NSR, 1/S 

ERPS (K,L) =ESTIMATE OF NUMERICAL ERROR IN FER(K,L) 
SNR(K,L) =RECIPROCAL OF SQUARED FUNDAMENTAL 
AMPLITUDE 
FER(K,L)=NOISE TO SIGNAL RATIO 
SPG2==AT CK I L , 2 ) *AT (K , L ,2 ) 
HAR2=O 0 
DO 13 I=3@M 
HAR2=HAR2+AT (K ,L, I) *AT (K ,L, I) 
IF (SIG2) 15 14 I 15 
FER (K,LQ =O 0 
ERPS(K,L)=O,O 
SNR(K,L)=O - 0  
GO TO 8 
FER (K ,L) =HAR2/SIG2 
SNR (K I L) =ID /SIG2 
ERR1=ERR"ERR 
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0084 

0085 
0086 
0087 
0088 
0089 
0090 

0091 
0092 
0093 
0094 
0095 

0096 
0097 

C 
C 
C 

18 
16 
17 
8 
9 

C 
C 
C 

24 

25 

COMPUTER PROGRAM (Continued) 

1' DNSR' ,8X; ' 1/S ' ,9X; 'TCHEBYSCHEFF EXPANSION 

ERPS (K,L) =ERRl/SIG2 

NORMALIZE COEFFICIENTS IF SPECIFIED 

IF (NORM-1) 8,18,8 
IF (AT(K,L,2)) 16,8,16 
DO 17' I=3,M 
AT (K , L , I) =AT (K , L , I ) /AT (K , L ,2 ) 
LSAVE (K) =L 
CONTINUE 

WRITE RESULTS 

DO 11 I=l,NAMP 
MUM3=NP ( I) 
AMP=X(NUM3) -X(l) 
WRITE(3,24) PR,PRl,PR2,N,NP(I) ,NORM,ERR 
FORMAT('lt,2A4,A2,' N=',I3,' NP=',I3,' NORM=', 
I2,I ERR=',E10,3) 
WRITE(3,25) 
FORMAT ( ' 
'YINT ' 5X, 'NSR' ,9X, 

' , 'NB ' ,4X, 'XZRO' ,5X, 'XINT' ,5X, 

0098 
0099 
0100 
0101 
0102 
0103 
0104 
0105 11 

COEFFICIENTS ' 1  

LS=LSAVE (I 1 
DO 11 J=l,LS 

MM=NORD ( I ) +1 

NB= (J-1) "NSTEPS.1 
NE=NB+NP (I) -1 
XINT=X (NE) -X (NB) 
YINTzYIN (NE) -YIN (NB) 
WRITE ( 3  26) NB ,XO (I, J) , XINT, YINT, FER(1, J) I 
SNR(I,J) , 
l(AT(I,JIK) ,K=l,MM) 

0106 26 FORMAT ( '0 ' ,I3,1X,3F9 3, lX, 8 (Ell. 4,lX) /69X, 
0107 GO TO 500 
0108 END 

5 (Ell, 4 , 1x1 1 


